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What is a clone?

Fork >1 let Ex={0,1,...,k—1}

f(Xy,...,Xn) : n-variable function on Ei
ie., f: (Ek)n — Ek

O™ : the set of n-variable functions on E
Ok = U (’),((n)
n=1
e(xy,...,Xj,...,Xn) = X; . (n-variable i-th) projection

Jx . the set of projections on Ej
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We define (functional) “composition” of functions
in a usual way.

‘ Example of composition

Given f (X1, X2, X3) € (9,((3) and g(xq, x2) € (9,((2),
an example of composition of f and g is

f(9(x1,X2), X3, Xa).



Monomial
Clones

Introduction Def|n|t|0n

Clone
el C (S Ox): clone on Ey
Monomial <

Clones on E3

Monomial Clones on (1)
E

Monomial Clones on
E; b
(i1)
Monomials

st

X"y
Monomials x *
Monomials x °y *

One is weak; Two is
strong

Two is strong

One is weak

C O Jk

C is closed under composition
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Definition
C (S Ok): clone on Ex
—
i C 2 Jk
(i)  Cis closed under composition

Ly . the set of all clones on E,

“ lattice of clones” on Ey
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Definition
C (S Ok): clone on Ex
—
i C 2 Jk
(i)  Cis closed under composition

Ly . the set of all clones on E,

“ lattice of clones” on Ey

L contains
e the greatest element: Oy
e the least element: Jx
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Basic Facts on Clones

gt (1) For k =2, L, : countable
completely known (E. Post)

penceses - (2) For k > 3, Ly : continuum
mostly unknown
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Basic Facts on Clones

(1) Fork =2, L, : countable
completely known (E. Post)

(2) Fork >3, Lx: continuum
mostly unknown

(3) Maximal clones
For each k > 2, completely known (l. Rosenberg)

(4) Minimal clones
For k = 2, completely known (E. Post)
For k = 3, completely known (B. Csédkéany)
Fork =4, ???
For k > 5, very little is known
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Clone
Introducing a field
Finite Field

penicese We introduce the structure of a field into Eg.

For this purpose, it is required that
k = aprime power,
i.e., k= p¢ foraprime p and a positive integer e.

Then, consider Ex = {0,1,..., k} as the finite field GF (k).
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For arbitrary field K and a positive integer n, an (n-variable)
polynomial over K is an n-variable function

i1 Iy
Do @i X Xk

0<iy, ..., in<e

Monomial
o

Monomial Clones on

forsome ec Nand a; _;, € K.
In other words, a polynomial is a finite sum of terms.
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Polynomials over K
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Introducing a field

inite Field

For arbitrary field K and a positive integer n, an (n-variable)
wenacosor—— polynomial over K is an n-variable function

i1 Iy
Do @i X Xk

0<iy, ..., in<e

forsome ec Nand a; _;, € K.
In other words, a polynomial is a finite sum of terms.

: An n-variable function f(x1, ..., x,) over K is
uniquely expressed as a polynomial.
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on Ex(={0,1}).

O (xy)=xy+1
@ 99X y)=xy+x+y
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Quiz 1

"’“" Consider two functions f and g expressed as polynomials
on Ex(={0,1}).

O (xy)=xy+1
@ 99X y)=xy+x+y

Q1 : Which function is stronger with respect to the
‘productive power’ by (functional) composition ?
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Quiz 1

"’“" Consider two functions f and g expressed as polynomials
on Ex(={0,1}).

O (xy)=xy+1
@ 99X y)=xy+x+y

Q1 : Which function is stronger with respect to the
‘productive power’ by (functional) composition ?

A : fis stronger.
In fact,

©® f(x,y)=NAND(x,y)
® g(x,y)=OR(x,y)
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Quiz 2

Consider three functions u, v and w expressed as
polynomials on Ez (= {0, 1,2}).

O u(x.y) =Xy +xy? +XPy+2xy+x+y
V(X,y) = X2 Y2+ xy2+ X2y + Xy +x+y

(2]
O wx,y)=x2y2 +xy?+x2y+2xy +x+y+1
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Quiz 2

Consider three functions u, v and w expressed as

Introducing a field

polynomials on Ez (= {0, 1,2}).

O ulx.y) =xX2y2+xy2+x2y+2xy+x+y
@ v(x,y) =X2y2+xy2+x2y+ Xy +Xx+y
O wx,y)=xX2y2+xy°2+x2y+2xy +x+y+1

Q2 : Which function is the weakest ?
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Quiz 2

e Consider three functions u, v and w expressed as

Introducing a field

polynomials on E; (= {0, 1,2}).

O ux.y) =xX2y2+xy?+ X2y +2xy+x+y
0 v(x, ):xy+xy + x2 Y+ xy+x+y
O wx,y)=x2y2+xy2+x2y+2xy +x+y+1

Q2 : Which function is the weakest ?

A : uis the weakest.
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Introducing a field
inite Field

Quiz 2

Consider three functions u, v and w expressed as
polynomials on Ez (= {0,1,2}).

O ux.y) =xX2y2+xy?+ X2y +2xy+x+y
0 v(x, ):xy+xy + x2 Y+ xy+x+y
O wx,y)=xPy?+xy?+x2y+2xy+x+y+1

Q2 : Which function is the weakest ?

A : uis the weakest. In fact,

(1) u(x,y) generates a minimal clone,

(2) w(x,y) is Webb function ( = max(x, y) + 1) which is
known to generate all functions on Es, and

(8) v(x,y) stays somewhere in-between.
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e How to get a polynomial corresponding to a function:

Monomial Clones on GIVEN f(X‘] g ey Xn)

i.e., amapping f: K" — K

To GET: Z . i Xy X

OSI‘] 3 ety inSe
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R How to get a polynomial corresponding to a function:

!‘J:‘rwu Clones on GIVEN f(X1 g ey Xn)

i.e., amapping f: K" — K

To GET: @ XXy

0<iy, ..., in<e

METHOD: “ Lagrange interpolation formula ”
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Example

Suppose f(x, y, z) is a 3-variable function on E;3 = {0, 1, 2}.
For a, b, ¢ € E3, define

fape(X..2) = H x—a:. H };—b:. H z—c

— _
g\ (ap & b/ €Es\{b} cetnie T °
Then
_ [ 1 ifx=ay=bz=c
tabc(X,y,2) = { 0 otherwise
Hence

f(Xa.yaz) = Z f(avb7c)'tab0(x7yaz)
(ab,c)eE]
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In General
meset - For an n-variable function f(xy, . .., X,) on Eg,
we have
f(Xq,...,Xn) = Z f(ar,...,an) - ta .a)(X1,. ., Xn)
(a1,-..an)€E]
where

, a
1<i<n \aeE\{a}

X,'*a?
ta1.A.an(X17~--7Xn): H H _a/
1
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Clones Example Let f(x,y,z) be a function defined by

f(x,x,y)=f(x,y,x)=f(y,x,x) =x

o —— and

inite Field

f(x,y,z)=0 if  {x,y,z}| =3.
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Clones Example Let f(x,y,z) be a function defined by

f(x,x,y)=f(x,y,x)=f(y,x,x) =x

Introducing a field a n d

inite Field

f(x,y,z)=0 if  {x,y,z}| =3.

yly-2) 2z(z-2)
1.(1-2) 1-(1-2)

yly—-1) 2z(z-1)

2.(2-1) 2-(2-1)
sum of 12 products)

)
)
(

— 2(y +2) + 2y%(2 + x) + 22%(x + y)
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Monomials over K

An (n-variable) monomial over K is an n-variable polynomial
consisting of one term, i.e.,

2 i
aX1 ...Xnn

forac Kandi,...,ip e N.
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Monomials over K

An (n-variable) monomial over K is an n-variable polynomial

Introducing a field

consisting of one term, i.e.,

1 in
axy ---x

Monomial Clones on

- forac Kandi,...,ip e N.

(( In the rest of my talk, we shall take a more restrictive view
of monomials. ))
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Monomials over K

An (n-variable) monomial over K is an n-variable polynomial
consisting of one term, i.e.,

it i
aX1...an7
forac Kandi,...,ip e N.

(( In the rest of my talk, we shall take a more restrictive view
of monomials. ))

An (n-variable) monomial m over K is a monic monomial if

the coefficient of mis 1, i.e., if mis
)(1’1 A X,’7n

foriy,...,ih € N.
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redueing 2 o0 In what follows, by a monomial we shall mean a monic
monomial, that is,

Tg:)mmv;:\ Clones on I m0n0m|a| —_ X1I1 L. Xr;n ”

Monomial Clones on
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Monomial Clones on

In what follows, by a monomial we shall mean a monic
monomial, that is,

“monomial = x,"---x,"”

A monomial clone is defined as follows.
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Monomial Clones on

In what follows, by a monomial we shall mean a monic
monomial, that is,

“monomial = x;" -+ x;"”

A monomial clone is defined as follows.

Definition
A clone C over K is a monomial clone if C is generated by
some monomial mover K, i.e., C= (m).
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Finite Field

We review fundamental properties of finite fields.
Proposition

(1) For any prime power Kk, there exists a finite field K
whose cardinality is k. It is unique up to isomorphism,
and is denoted by GF (k).

(2) Over GF (k), it holds that x* = x for every x € GF (k).

Hence, we have:

Corollary
Any n-variable monomial m over GF(k) is expressed as

_yh i
m_)(1 ...Xn”

forsome iy, ..., inwith0 < iy, ..., in < k.
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One is weak

To determine all monomial
clones on Ej

In this section we determine all monomial clones on £5.
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Monomial Clones on
E;

Monomials x *

Monomials x °y

One is
strong

ak; Two is

Two is strong

One is weak

To determine all monomial
clones on Ej

In this section we determine all monomial clones on

Before doing so, we describe monomial clones on
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Monomial Clones on E>

Considering the fact that x> = x holds on E, it is immediate
to see that there exist only two monomial clones over E.

They are:
(1) (x1)
(2) (X1 X2)
Notice that
(1) (xq) is the least clone 7>, and
(2) (x1 x2) is the set of all monomials on E,.
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Monomials x °y

Monomial Clones on Ej

Now we study monomial clones on Es.

Since the equality x® = x holds on Es, and GF(3) is
commutative, monomials that need to be considered are

2 2
Xy Xs Xopq oo Xoyt

fors,t>0and s+ > 0.
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Monomial Clones on

Monomial Clones on

s\ 0 1 2 3
0 x3 X3 x3 X2 xEx2
1 X X1X3 X1 XEX2 X1 XEXEXZ
2 X 2 2.2 2.2.,2

1 X2 X1X2X3 X1 X2 X3 Xy X1 X2 X3 X4 X5
3 X1X2X3 X1 X2 X3 X5 X1 X2 X3 Xa X2 X1 XoXa X2 XEXE
4 X1 Xo X3 X4 X1 XoX3X4 X2 X1 X2 X3 X4 XeXa X1 Xo X3 Xa XeXg X2
5 | XiXeXaXaXs | XiXoX3XaXsXa | X1XoXaXaXsXEXZ | XiXoXaXaXsXeXZX2

Table : Monomials on E; (for small s and t)

Xy - Xs X2

+1 77

2
* Xstt

(s,t>0,s+t>0)
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Introducing a field

(i) s>2:even = (xy--

Monomial

Clones on Eg (”) S 2 3 . Odd — <X1 .o

Monomial Clones on

E

Monomial Clones on
s

Monomials
3 gt

X"y

Monomials x *

Monomials x Sy !

One is weak; Two is
strong

Two is strong
One is weak

. Xs) =
. Xs>

(X1 X2)
(X1 X2X3)
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Monomial Clones on
E.

t=0
Lemma
(i) s>2:even = (Xqy---Xs) = (X1 X2)
(i) §>3:0dd = (X1 -Xs) = (X1 X2X3)
Claim 1 (M-clones generated by a monomial with t = 0)
(i) There are three monomial clones:
(x1), (x1x2) and (X1 X2 X3).

(i) (xy) = the least clone J3
(x4 X2) = the set of all monomials on Ej

(iii) (x1) C (x4 X2 X3) C (X1 X2)

(Note: C denotes the strict inclusion)
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Monomial Clones on
E.

t=0
Lemma

(i) s>2:even = (Xqy---Xs) = (X1 X2)
(i) §>3:0dd = (X1 -Xs) = (X1 X2X3)

Claim 1 (M-clones generated by a monomial with t = 0)
(i) There are three monomial clones:
(x1), (x1%2) and (x1 X2 X3).
(i) (xy) = the least clone J3
(X1 Xo) = the set of all monomials on Ej
(iii) (x1) C (X1 X2 X3) C (X1 X2)

(Note: C denotes the strict inclusion)

Proof (i) From Lemma. (ii) Trivial. (iii) The first inclusion is
clear. For the second inclusion, see the next page. O
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Monomial Clones on

Proof of “(xq XxoXx3) C (X1 X2)”:

Let
B 1 2

P 2 )\ 2

Then
X1XoX3 € Pol p but xix € Pol p
Hence,
X1 X2 & (X1 X2 X3)

and

(X1 X2 X3) # (X1 X2)
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Monomial Clones on

Monomial Clones on

s\ 0 1 2 3
0 x2 x2x3 X2XEXE
1 X4 X1X2 X1 X2 X2 X1 XEXEXE

2 2,2 2.2.,2
2 X1X2 X1 X2 X3 X1X2X3 X4 X1 X2 X5 X4 X5
3 | X1Xa2X3 X1 X2 X3 X2 X1 X2 X3 X2 X2 X1 Xo X3 XEXEXE
4 - X1 X2 X3 X4 X2 X1 Xo X3 Xa XEXE X1 Xo X3 X4 XEXa X2
5 — | X1XoXaXaX5XZ | X1X2XaXaXsXEXZ | X1XaX3XaXsXoXZXZ

Table : Monomials on E3
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E;

Lemma
For t > 0 we have:

(i) s=0
(ii)

(i) s>2:even
(iv) s>3:0dd =

-
s=1 —
—

Proof Easy from

2

X - X=X

{
{
(
(

X1 X2
Xq X
Xq-

X1

and

Xt+1> (x2x3)
Xt+1> (x1 X22>
s+1 §+t> (x1x2)
X3, 1 X5y ) = (X1 XoX3)
X2 . x2 = x2,
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Lemma
L For t > 0 we have:
- () s=0 — (xR ,) = (XBR)
Sl (i) s= = (X1 X5 XF ) = (xix5)
;;’"““"C"’"e“" (i) s>2:even = (X1 Xs X2, ;- X2, ) = (X1 X2)
(iv) s>3:0dd = (Xq---Xs X5 q - X2,;) = (X1 XoX3)

Proof Easy from
2

X -x*=x and x°-

Claim 2 (M-clones generated by a monomial with t = 1)
(i) There are two such clones (x2) and (x; x2).

(i)) (x1) € (xF) C (x1 x2)

(i) (x1) C (x1 X3) C (x1 X2 X3)
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ing a fiel

o s\t 0 1 2 3
0 x2 x2x3 X2X3 X3

SR B Y N AR
= 2 X1X2 - X1 X XE X2 X1 X XEXEXE
3 | X1X2X3 - X1 X2 X3 X2 X2 X1 Xo X3 XEXEXE

4 - - X1 Xo X3 Xa XEXE X1 Xo X3 X4 XE X2 X2

5 - — | X1XeXaXaXsXEXZ | X1 XoXaXaX5XEXEXE

Table : Monomials on E3
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Monomial Clones on

Monomial Clones on

Lemma
For t > 0 we have:
(i) s=0 = (X2X3- xt+1> = (X2x3)
(i) s=1 = (X X5+ X2 4) = (X1X5)
(i) s>2:even = (xq-- 52+1 X2.4) = (X1X2)
(iv) s>3:0dd = (X1 Xs X5 q - X2,;) = (X1 XoX3)

Claim 3 (M-clones generated by a monomial with t = 2)
(i) There is only one such clone (x2 x2).

(i) (xF) C (xF xZ) C (%1 x2)
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s\t 0 1 2

0 X2 x2x3
Clor
Introducing a fiel 1 X1 X1X§ —
inite Fie

2 X1X2 — —

3 X1X2X3 — —
Mol E
E 4 _ _ _
Monomial Clones on
E

5 — — —

Table : Monomials on E3

Hence, monomial clones over Ej are the following:

(1) (x1) (4) (x2) (6) (x2x2)
(2) (X1 x2) (5) (x1x2)
(B)  (x1 X2 X3)
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For example, we show:

(x2x2) and (xq X x3) are incomparable.

Proof
@ (x2x2) Z (X1 X2 X3)
Let
2

R

Then
X1XoX3 € Polp but  x2x3 & Polp
Hence,
X2 X3 & (X1 X X3)

and

(X2XZ) & (X1 X2 X3) .
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(b) (X1 x2x3) ¢ (X2 x2)
Let
_ 1 1 2

7101 )2 )

Then
x2x53 € PolT  but XiXoX3 & PolT
Hence,
X1 X X3 & (X{x3)

and

(X1 X2 X3) & (X7 X5) .

From (a) and (b) we see that (xZ x3) and (x; xp X3) are
incomparable.
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Clone

S Summary
(a1) (x1) C (x1X3) C (x1 X2 X3) C (X1 X2)

(@2) (x) C (x2) C (X2 x5) C (x4 x2)

Monomial Clones on

(b1) (x3) & (x4 x5), (x1x5) & ()

(b2) (x%) ¢ (x1 X2 X3), (X1 X2 X3) ¢ (x£)

(b3) (X2 xZ) & (x1x3), (X1 X5) & (XZX5)
(b4) (X2 x5) & (X1 X2 Xa), (X1 XeXa) & (XF X§)
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Case: k=3

Clone
Introducing a field
Finite Field

Monomial Clones on

Monomial Clones on
3

Monomials x *

Monomials x °y ¢

One is weak; Two is
strong

Two is strong
One is weak

Note: (xyx>) = the set of all monomials on E;
(x1) = T3
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Monomials
xS y t
Monomials x
Monomials x °y

eak; Two is

Monomials xSy!
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Monomial Clones on
E,

Monomials
Xsyt

Monomials x

Monomials x °y

One is weak

In this section we investigate monomial clones on E, which
are generated by unary functions ( 1-variable functions) and
binary functions ( 2-variable functions).

We put emphasis on monomials which generate minimal
clones in the lattice £y of clones.
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Monomial Clones on
E,
Monomial Clones on
E;

Monomials

One is weak

Let My be the set of monomial clones on Eg.

Remark
For any C € My,

C is minimal in M

= Cis minimalin Lk
(i.e., Cis a minimal clone)
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Monomial Clones on

Monomial Clones on

Monomials
xS y t
Monomials x

M

Let My be the set of monomial clones on Eg.

Remark
For any C € My,

Cis minimalin M, = Cis minimalin Lx
(i.e., C is a minimal clone)

Hence, we want to find:
monomial clones which are minimal in M.
(= a motivation for the later study of 2-variable monomials)
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Monomials xS

As for unary functions generating minimal clones, the next
fact is well-known.

Fact: A unary function f € O,(J) generates a minimal clone
if and only if

(1) fis a permutation of prime order, or

(2) fis not a permutation and satisfies fo f = f.



Monomial
Clones

Now, when is a unary monomial x° a permutation?
A (trivial) answer is:

Lemma
For a prime-power k > 1 and 0 < s < k, the following are
equivalent.

(1) xS is a permutation on Ei
(2) s'=1 (mod k —1) forsome i > 1
(3) sand k — 1 are co-prime, i.e., (s,k —1) = 1.

(Remark: Due to Fermat-Euler Theorem)
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Example: Unary minimal monomials for k =3,5,7,11,13
(1) k=3: (x?)is minimal.
(2) k=5: (x®)is minimal for s = 3, 4.
(x4 € (x2)
: (8) k=7: (x®)is minimal for s = 3,4,5,6.
(x*) c (x®)

(4) k=11: (x%)is minimal for s = 5,6, 9.
(x%) € (x*) C (x®) = (x®)
(x%) C (x%) = (x7)

(5) k=13: (x°) is minimal fors =4,5,6,7,9, 11
(x*) C (x®) c (x®); (x*) c (x"°)
(x%) € (x%)
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Monomials xSy!
Now, we consider 2-variable monomials x y! and clones
e generated by them. (For convenience we use x and y,
wemoneo iNStead of x4 and xo, for the variable symbols.)

More precisely, we consider

Monomials x
Monomials x *y '
Or ak; Two is

xSyt for 0<s, t<k

with the additional condition

s+t = k.
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Monomial Clones on
E

Monomial Clones on
E;

Monomials x

Monomials x *y '

One is weak

Note 1: If mis a monomial which generates a non-unary
minimal clone then

(1) m must be a 2-variable monomial x5 y!

and,

(2) since (x% y!) does not contain any non-trivial unary
functions, the condition s+ t = k must be satisfied.
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Monomial
o

Monomial Clones on

Iz

Monomials x

Monomials x *y '

Note 1: If mis a monomial which generates a non-unary
minimal clone then

(1) m must be a 2-variable monomial x5 y!

and,

(2) since (x% y!) does not contain any non-trivial unary
functions, the condition s+ t = k must be satisfied.

Note 2: Foru,ve N with O < u, v <k,
XUy e (xSyhy = u+v=Kk

i.e., this condition on the exponents is preserved by
composition.
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Monomial
o

Monomial Clones on

Iz

Monomials x

Monomials x *y '

Note 1: If mis a monomial which generates a non-unary
minimal clone then

(1) m must be a 2-variable monomial x5 y!

and,

(2) since (x% y!) does not contain any non-trivial unary
functions, the condition s 4 t = k must be satisfied.

Note 2: Foru,ve N with O < u, v <k,
xXVyve (xSyhy = u+v=Kk

i.e., this condition on the exponents is preserved by
composition.
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Case: k=5,7, 11

(x®y?) (x2y%) (Xy%) F (X3y%)
2 =(x*y")
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Monomial Clones on

Monomial Clones on
E;

Monomials x *

Monomials x €y !

One is weak; Two is
strong
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Monomials x

Monomials x *y '

Now,

what observation do you get from these results ?
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Introducing a field

inite Field

Now, what observation do you get from these results ?

My observation is:

One is weak, and two is strong !
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Lemma
Let k be a prime power. For clones on GF(k) we have the

Clone

following.

Finite Field

(1) (xyfT) C (®yf?)
(2) (x*yf ) (xPyks)

Monomials x

Monomials x *y '

Two is
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Lemma
Let k be a prime power. For clones on GF(k) we have the
e following.

(1) (xyfT) C (®yf?)
(2) (x*yf ) (xPyks)

Proof (i) Since
(k=2 = ((k—=1)-1)?
= (k—12-2(k—1)+1 = 1 (mod k—1)

we have  x2(x2yk—2)k=2 = yk=1y,
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Lemma

Let k be a prime power. For clones on GF(k) we have the

following.

(1) (xyfT) C (®yf?)
(2) (x*yf ) (xPyks)

Proof (i) Since

(k=2 = ((k=1)-1)?
= (k=12 -2(k—-1)+1
we have  x2(x2yk—2)k=2 = yk=1y,
(ii) Similarly,
(k=37 = ((k—-1)-2)
(k=12 —4k—1)+4
implies  x3(x3yk—38)k=38 — xk—4y4

1 (mod k —1)

4 (mod k — 1)
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Proposition
For any prime power k > 1 and any 0 < s < K, it holds

Monomial Clones on

Monomial Clones on

o <Xsykfs> C <X2yk72>.

Monomials x * on GF(k) -

Monomials x °y

One is weak; Two is
strong

Two is strong

One is weak
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Proposition
For any prime power k > 1 and any 0 < s < K, it holds

Monomial Clones on _ 2 k 2
i (xSyk=s) C (xByk—2).

on GF(k).

Proof Proof by induction.

Basis: y2(y2xk—2)k-2 — x(k- 22 y2k—2 _ yi/k—1

Inductive Step:
(Xsyk—S)ZXk—2 — X23+k—2y2k—23 — X2s—1yk—23+1

(Xsyka)Zykfz — X25y3k72572 — X23yk725



Monomial
Clones

Clone
Introducing a field
Finite Field

Monomial Clones on

Monomial Clones on
E;

Monomials x

Monomials x °y

Two is strong
One is weak

Lemma

(xyk=1) is minimal in M.

Proof For any monomial min (xyk=1)\ J, it is easy to

m).

verify that xy*—1 ¢ (

One is weak

0
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Monomial Clones on
E;

Monomials x

Two is strong
One is weak

Question: Is (xy*~1) uniquely minimal in My ?
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«-  Question: Is (xy*~") uniquely minimal in M ?

Conjecture: YES,

Monomial Clones on
o

Monomial Clones on

wo is strong
One is weak
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oo Question: Is (xy*~1) uniquely minimal in My ?

Conjecture: YES,
that is:

For any prime power k > 1 and any 0 < s < K, it holds that

(T (xys),

One is weak

in other words,

ka—1 e <Xsyk—s> ]
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Two is strong

One is weak

Partial results concerning the conjecture

Lemma
Letk =2m+ 1. Then
ka—1 e <mek—m>
Proof Notethatk —1=2m.
(mem+1)m(ymxm+1)m+1 _ Xm2+(m+1)2y2m(m+1)

— Xy2m — ka—1
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Clones
For k > 2 and 1 < a < k, if there exists e > 1 satisfying
(i) @=1 (mod k—1)
or
(i) a®= a (mod k —1)
WoorialCoresen | thay xyk=1 ¢ (xayk-ay

Monomials x

Monomials x °y

One is weak
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One is weak

Lemma
For k > 2 and 1 < a < k, if there exists e > 1 satisfying
(i) =1 (mod k—1)
or
(i) a®= a (mod k —1)
then xyk=1 e (xayk-a)
Proof (i) By repeating substitution of x2yX~2 into x e times,
we obtain:
(( . ((Xayk—a)ayk—a)a. .. )ayk—a)ayk—a
= xaey
(i) Similarly, we have:
(( . ((Xayk—a)ayk—a)a . )ayk—a)axk—a
Xae+(k—a)y*

xaHk=a)y s kyket ket



Monomial

Clones In most cases, the following property holds for 1 < a < k.

(Je>1) a®=a (mod k—1)

Clone
Introducing a field
Finite Field

Monomial Clones on
E,

Monomial Clones on

Two is strong

One is weak
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In most cases, the following property holds for 1 < a < k.

(Fe>1) a®=a (mod k —1)

o Example (k= 11) Table of a° (mod 10)

a\e| 1 2 3 4 5
2 2 4 8 6 2
9 9 1 9
i 3 3 9 7 1 3
8 8 4 2 6 8
4 4 6 4
7 7 9 3 1 7
5 5 5
6 6 6
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One is weak

Counter-example (k = 37)

Table of a® (mod 36)

a\e 1 2 3 4 5 6 7 8
2 2 4 8 16 32 28 20 4
35 35 1 35

3 3 9 27 9

34 34 4 28 16 4

4 4 6 28 4

33 33 9 10 9
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One is weak

Counter-example (k =37) Table of a° (mod 36)

a\e 1 2 3 4 5 6 7 8
2 2 4 8 16 32 28 20 4
35 35 1 35
3 3 9 27 9
34 34 4 28 16 4
4 4 16 28 4
33 33 9 10 9

However, even in this case, xy%6 ¢ (x3y3*) holds

because

32134% = 9428

1 (mod 36)

and
(X3y34) (y (y3x34)34)34 Xy36
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Lemma

Let kK > 2 be a prime and a be a positive integer. If a and
k — 1 are coprime, i.e., GCD(a, k — 1) = 1 then

ka—1 e <Xayk—a>

Proof If there exists e > 0 such that 8° = 1 (mod k — 1)
then the result follows from (i) of the preceding Lemma.
Otherwise, there exist d, e such that 1 < d < e satisfying
a® = a® (mod k — 1). Then we have

a%a*9-1)=0 (modk—1).
Since GCD(a, k — 1) = 1, it follows that
a® %=1 (modk—1),

which implies
ae— 9 k—a—d k—1
y =

X Xy

and the conclusion follows.
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Monomial Clones on

- One more property, which may be of interest:

Monomials x *
Monomials x °y
One is weak; Two is
strong

Two is strong

One is weak
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Lemma
Let k be an odd prime power and suppose that

Monomial Clones on
E

Monomial Clones on k - 1
g k=2m+1 <<:> m:2>

Monomials x

for m> 3. Then, forevery s € {2,...,m— 1}, we have

XyFTS g (XY

on GF(k).
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Proof Note that k — 1 = 2m. We can show below that all of
m?, (m+1)? and m(m + 1) are equivalent to one of 0, 1,

and mod k — 1. Here the equivalence (=) is taken for
mod k — 1.
o mim—1)+m = m ifm:odd
m-m = 0 if m: even
(m+1)? = m+2m+1 = m? +1
_ m+1 ifm:odd
- 1 if m: even
m(m+1) = 0 if m : odd
o m+m = m if m:even
Hence, among xSy%—S for s € {1,..., m}, the terms that can

be produced from x™yk=™ by composition are only xy*—
and xMyk—m. O
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Monomial Clones on
E;

Monomials x *
Monomials x °y

One is weak; Two is
strong

Two is strong
One is weak




Monomial
Clones

Clone
Introducing a field
Finite Field

Monomial Clones on

Monomial Clones on
E;

Monomials x *
Monomials x °y

One is weak; Two is
strong

Two is strong
One is weak
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Monomial Clones on

i Thank you

3

Monomials .
S for your attention !

One is weak; Two is
strong

Two is strong
One is weak
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